The temperature dependence of the manganese magnetic moment and the spin-lattice relaxation rate measured by the muon spin relaxation technique in the magnetically ordered phase of the chiral intermetallic cubic MnSi system are both explained in terms of helimagnon excitations of a localized spin model. The two free parameters characterizing the helimagnon dispersion relation are determined. A combined analysis of the two data sets cannot be achieved using the self-consistent renormalization theory of spin fluctuations which assumes the magnetism of MnSi to arise uniquely from electronic bands. As a result of this work, MnSi is proposed to be a dual electronic system composed of localized and itinerant magnetic electrons. Finally we note that the analysis framework can be applied to other helimagnets such as the magnetoelectric compound Cu2OSeO3.
I. INTRODUCTION
The history of the metallic compound MnSi is quite rich and spans almost 90 years. Its crystal structure was established in 1933 [1] . It crystallizes into the cubic P 2 1 3 space group which lacks a center of symmetry, giving rise to the possibility of Dzyaloshinski-Moriya (DM) exchange interactions [2, 3] . Its magnetic structure below its magnetic ordering temperature T c ≈ 29.5 K was found to be characterized by a propagation wavevector k parallel to a 111 crystal direction and with a modulus k ≃ 0.35 nm −1 at low temperature [4] . A field-theory model was built to explain it [5, 6] . MnSi served as a model system for the development of the self-consistent renormalization (SCR) theory. This theory for spin fluctuations in itinerant electron systems quantitatively interprets the paramagnetic susceptibility and the value of T c [7] [8] [9] .
Since the advent of the new century, unabated new key results have appeared. Among them, an extended non-Fermi-liquid regime in the paramagnetic phase under pressure was revealed [10] and its association with an exotic diffuse magnetic neutron scattering was discovered [11] , although this latter result has recently been disputed [12] . A small pocket in the field-temperature phase diagram was shown to host a magnetic skyrmion lattice [13] . The magnetic structure at low temperatures was recently refined from zero-field data recorded with the muon spin rotation/relaxation (µSR) technique [14] . It deviates from the originally purported pure helical magnetic structure; see also Refs. 15 and 16. This report provides a consistent interpretation based on helimagnon excitations of the quadratic and linear temperature dependencies, at low temperature, of the manganese magnetic moment m and the muon spinlattice relaxation rate λ Z , respectively; see Fig. 1 for the data and fits. The SCR theory is unable to account for m(T ) as shown in Fig. 1(a) . As a result of our analysis, we propose to view MnSi as a dual system where an electronic subset of itinerant states coexists with a subset of localized electrons, the helimagnons being a signature of the latter electrons.
The organization of the paper is as follows. Section II focuses on the refinement of the magnetic structure of MnSi up to 27.5 K based on zero-field µSR spectra. In Sec. III we recall the helimagnon excitation picture. Section IV provides a description of m(T ). The following section (Sec. V) deals with λ Z (T ). A discussion of the results obtained in this work is given Sec. VI. It is followed by conclusions and comments in Sec. VII. The theoretical modelling of the relaxing µSR polarization function is described in Appendix A. Appendix B outlines miscellaneous results used in Appendix A.
II. DETERMINATION OF THE ZERO-FIELD MAGNETIC STRUCTURE
We first expose information on MnSi that is useful for the analysis of the µSR spectra. Then we provide experimental details and a discussion of the experimental results leading to the determination of the zero-field magnetic structure up to 27.5 K.
A. Some structural information
We specify the position of a unit cell by the cubic lattice vector i and a manganese atom within a cell by d. to the data up to 18 K, where m(T = 0) = 0.3891 (5) µB -in agreement with a previous estimate [17] -and a = 0.346 (6) K. In addition, Tc = 29.5 K. (b) λZ versus temperature from Ref. [18] with the solid line resulting from a linear fit up to 22.5 K with a slope b λ = 14.9 (1) ms −1 K −1 . The dashed lines in both panels are computed from the SCR theory [7, 19, 20] :
direction, the four m i+d split into two families, i.e. the so-called orbits [14] . One orbit is constituted by the manganese site for which the local three-fold symmetry axis is collinear to k. Conversely at the three other sites the local three-fold axis is not collinear to k. These three sites constitute the second orbit. In fact, the magnetic moments at a given site form a regular helical structure, but with an utmost peculiarity: while the third Euler angle characterizing the orientation of (a, b, k/k) in the cubic crystallographic frame is set -without loss of generality -to zero for the first manganese site, it is a finite free parameter ψ 111 for the other three sites. If the magnetic structure were helical, we would have ψ 111 = 0. We have reported ψ 111 = −2.04 (11) degrees at 5 K for a Czochralski crystal and ψ 111 = −2.11 (11) 
B. Experimental
The zero-field (ZF) experiments were performed using a single crystal prepared by Czochralski pulling from a stoichiometric melt, and cut in the form of a platelet perpendicular to the crystallographic [111] direction. The measurements were carried out in zero-field at the general purpose surface-muon instrument (GPS) of the Swiss Muon Source located at the Paul Scherrer Institute (Switzerland); see Ref. 21 for a recent description of the spectrometer. They give access to the so-called asymmetry from which the field distribution at the muon sites D osc (B) is extracted [20] . This distribution arises from the incommensurate nature of the magnetic structure. The local field at a muon site is the sum of the dipole fields generated by the magnetic moments at the manganese atoms and the contact field reflecting the conduction electron polarization at the muon sites. Owing to the dipole field anisotropy, details of the magnetic structure can be unravelled.
C. Experimental results
Examples of asymmetry spectra are displayed in Fig. 2 . The data were recorded over a period spanning several years in which different experimental conditions were used, e.g. the orientation of the initial muon polarization relative to the muon momentum, which explains the difference in the amplitude of the oscillations. Figure 3 displays the distributions corresponding to the asymmetry spectra. Such distributions are computed from the measured asymmetry spectra using the reverse Monte Carlo technique supplemented with the maximum entropy requirement [22, 23] . The overall shape of the distributions remains similar for all the distributions while they are clearly shifted towards low field when the temperature increases: this is a direct measurement of the temperature dependence of m.
The solid lines in Fig. 2 are the result of fits to the model exposed in Ref. [14] . Parameters of different origin enter the model. The muon site -given by the muon reduced coordinate x µ = 0.532 -and the coupling of its spin with the conduction electron spinscharacterized by parameter r µ H/4π = −1.04 -are fully consistent with earlier measurements in a large magnetic field in the paramagnetic phase [24] ; see also Refs. 15 and 16. The modulus of the magnetic structure propagation wavevector [25] is taken from small angle neutron scattering measurements. The sensitivity of a distribution to the different physical parameters is illustrated in Ref. 16 . Figure 4 displays the temperature dependence of three refined parameters: the magnetic moment m, the phase shift ψ 111 , and the magnetic structure coherence length ξ. The determination of m is remarkably accurate. Two measurements have been performed at 25 K in different campaigns of measurements. The values cannot be distinguished in the m(T ) panel while the higher statistics FIG. 2. Precessing contribution to ZF µSR asymmetry spectra recorded at five temperatures spanning the temperature range from 5 to 25 K. The solid lines result from fits as described in the main text. The dotted line shown together with the 5 K spectrum is a duplicate of the result of the fit to the data recorded at 10 K. It illustrates the extreme sensitivity of the spectra to the value of m which decreases by a mere 2.7% between 5 and 10 K. The data recorded at 10 K and above are vertically shifted for a better vision.
of the second measurement is reflected in the smaller uncertainties for ψ 111 and ξ.
We acknowledge that the satellite peak in D osc (B) at higher temperatures becomes less resolved whereas the model appears to show no change. However, the data of Fig. 4 are extracted from fits to the asymmetry spectra which are well described in the whole temperature range; see Fig. 2 . A field distribution plot is only a practical tool for a first qualitative understanding of a spectrum.
The value of ξ at low temperature is consistent with the SANS lower bound of 200 nm [11] . Its decrease while approaching T c is conventional. Much less conventional is the temperature dependence of ψ 111 . In absolute value it increases by a factor 2 between 2 and 25 K. This behavior will be discussed in a separate paper. 
III. THE HELIMAGNON PICTURE
We first write the simplest possible magnetic energy expression and then provide the helimagnon dispersion relation deduced from it.
A. Setting the stage
We shall use three orthonormal reference frames. Since the magnetic structure is characterized by a finite k, it is natural to introduce the frame (a, b, n), with n = k/k. We shall find sufficient the description of the helimagnon excitations in the field-theory framework of Ref. 5. So we do not need to distinguish the four Mn magnetic moments in the unit cell, i.e. we write a and b rather than a d and b d . The magnetic energy operator E -in fact we will treat it as a Hamiltonian, see Appendix B 1 -is easily diagonalized in the local coordinate frame (x, y, z) rotating with the helical structure [26] . We take the unit vector z parallel to the magnetic moment, add a second vector y = n and complete the set with x = y × z. Finally, we have the laboratory reference frame (X, Y, Z) with Z parallel to the initial muon beam polarization taken along the [111] crystal axis [20, 27, 28] .
We write down E as the sum of Heisenberg Temperature dependence of three parameters related to the ZF magnetic structure of MnSi: the amplitude of the magnetic moment per manganese atom m, the phase shift between the two orbits ψ111, and the magnetic structure coherence length ξ. The solid line in the upper panel results from the helimagnon model as explained in the caption of Fig. 1 . The dotted line is the prediction of the SCR theory [7] : m(T ) = m(0)[1 − (T /Tc) 2 ] 1/2 . While the experimental uncertainties are always drawn, they are smaller than the bullet size for the magnetic moment. The dashed lines in the lower two panels are guides to the eye. small wavevector limit of interest for MnSi,
A very small magnetic anisotropy is neglected [29] . The quantity S q is the Fourier transform of the dimensionless manganese spin and V the sample volume.
B. Dispersion relation
Working in the (x, y, z) frame, the helimagnon dispersion relation is computed in the linear spin-wave approximation [30] . A gapless mode with the expected cylindrical symmetry around the direction defined by k is found:
where c and c ⊥ are elastic constants and q and q ⊥ are the q components parallel and perpendicular to k [31, 32] . According to Ref. 30 ,
where ǫ reflects umklapp processes due to the DM interaction. The simplest approximation valid at q = 0 and q ≫ k, gives ǫ = 1/2; see also Ref. 31 . S is derived from m(T = 0) = gSµ B = 0.3891 (5) µ B -see caption of Fig. 1 -with g ≈ 2 [33, 34] .
IV. DESCRIPTION OF m(T)
The decrease of the modulus of the magnetic moment as the compound is warmed stems from the thermal variation of the helimagnon population. In the rotating reference frame, we deal with a ferromagnet albeit with the unusual dispersion relation of Eq. 3. Hence, referring e.g. to Ref. 35 ,
where N is the number of manganese atoms in the sample and n q is the population of helimagnons with wavevector q. Replacing the discrete sum by an integral,
The volume of integration which is nominally that of the first Brillouin zone is extended to the whole space since we are interested by the low temperature limit. The cylindrical symmetry of ω(q) results in a T 2 decay of m(T ):
with
where v 0 is the volume per manganese atom. From the slope of m(T ) versus T 2 , the product of the parameters entering the dispersion relation can be deduced. Combining with Eq. 4, a relation is found between B 1 and T he :
The relaxing part of the polarization function is found, to a good approximation, to be exponential. It is characterized by a relaxation rate λ Z proportional to the temperature, i.e. Neutron scattering measurements give c ⊥ = 0.11 (1) × 10 −12 m 4 /s 2 at 25-26 K [36, 37] . Hence, as expected, approaching T c from below a weak softening of c ⊥ occurs. Moreover, these data were recorded at relatively large momentum transfer [38] . Our λ Z (T ) data probe excitations at much lower energy (see, e.g. Fig. 6 below) , indicating the validity of Eq. 3 over a broad energy range. From our data, we deduce ǫ = c ⊥ k 2 /c = 0.57 (5). This is in line with the estimate of Refs. 30 and 31 -see Eq. 4 and the discussion below it. From the T he value, using Eq. 9 we compute B 1 = 2.73 (4) × 10 −40 J m 2 and therefore |D| = kB 1 = 9.54 (10) × 10 −32 J m.
We have found that the combined quantitative analysis of m(T ) and λ Z (T ) at low temperature can be performed within the framework offered by the helimagnon excitations which derive from a localised electron picture. The two parameters entering the expression of ω(q) are measured. The SCR theory combined analysis fails. However, this theory successfully reproduced other physical parameters; see Sec. I. This state of affairs suggests MnSi to be a dual system where an electronic subset of itinerant states coexists with the subset of localized magnetic 3d electrons whose signature are the spin waves. Such a picture was introduced for the superconductor ferromagnet UGe 2 based on experimental data [39, 40 ] -see also [41] -and subsequently supported by theoretical works [42, 43] . We suggest MnSi to be the first experimentally recognized 3d dual system.
We note that a spin gap of 1.29 meV has been extracted from a specific heat measurement [44] . If such a gap were present we would have detected it. The specific heat analysis requires to take into account three contributions in a relatively large temperature range: conduction electrons, phonons, and helimagnons. Hence, the information extracted from the analysis strongly depends on their modelling. On the other hand, only helimagnons matter for m(T ) and λ Z (T ). The methodology exposed in this report can be applied to other helimagnets in particular when the lowtemperature zero-field magnetic moment decays as T 2 . The insulating magnetoelectric system Cu 2 OSeO 3 [45] is such a system [46, 47] and will be discussed in a separate paper.
VII. CONCLUSIONS AND COMMENTS
We have shown the helimagnon dispersion to quantitatively explain λ Z (T ) and m(T ) which probe the sub-10 −7 eV and 10 −3 eV energy range, respectively. Hence, this dispersion is valid over a huge energy range. There is no spin-gap at the sub-10 −7 eV level since otherwise energy conservation during the relaxation process would not be fulfilled. The SCR theory does not predict the observed m(T ), suggesting the compound to be a dual system.
Remarkably, m(T ) and λ Z (T ) are described in a continuum framework, while we already know that such an approach cannot explain the MnSi magnetic structure [14] . Solving this apparent contradiction is left for a future study.
Obviously, the methodology used in this report for the characterization of magnetic excitations in zero field at small q can be applied to other helimagnets.
After the submission of this work we became aware of two relevant works. Choi et al. [48] proposed MnSi to be a dual system based on theoretical arguments. Consistent with this proposal, the analysis of neutron scattering data with density functional theory (DFT) paired with dynamical mean-field theory (DMFT) suggests MnSi to display strong local electron correlations driven by Hund's coupling [49] . Our data support the dual picture of these two works.
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Appendix A: Longitudinal µSR polarization function
Here we describe the relaxing µSR polarization function in terms of helimagnon excitations. This function is relevant for the description of the muon spin-lattice relaxation. We first establish the expressions of the spincorrelation functions needed for the computation of the spin-lattice relaxation rate. Then we expose a detailed treatment of this rate. This enables us to compute the relaxing part of the measured polarization function and show that the measured relaxation rate is proportional to the temperature.
Spin correlation functions
The derivation of an expression for the spin relaxation rate λ Z (see Sec. A 2) requires the symmetrized spin correlation tensor, a component of which is defined as
where α and β are Cartesian axis labels. As seen in Sec. A 2, correlations in the laboratory reference frame are needed since the measurement is obviously performed in this frame. However their derivation from the Hamiltonian is more conveniently obtained in the rotating reference frame associated with each magnetic domain. The result is given in Sec. A 1 a where we immediately identify contrasting q dependencies for the different tensor components. In the subsequent section we provide the expression of the spin correlations in the magnetic domain frame.
a. Correlations in the rotating frame
The rotating reference frame is defined in Eq. B1 in terms of the (a, b, n) frame. As usual in spin wave theory it is convenient to introduce the spin raising and lowering operators S ± = S x ± iS y . Referring to the (+, −, z) basis we need a priori to consider nine symmetrized spin correlation functions: Λ +z (q, ω), Λ −z (q, ω), Λ z− (q, ω), Λ z+ (q, ω), Λ zz (q, ω), Λ +− (q, ω), Λ ++ (q, ω), Λ −+ (q, ω), and Λ −− (q, ω). The first four functions vanish because they involve the product of three helimagnon operators, the thermal average of which is zero. The longitudinal correlation Λ zz q (ω) accounts for the Raman scattering process, i.e. a two magnon process [50] . It is negligible here relative to the single magnon scattering process [51] which plays a crucial role due to the gapless nature of the helimagnon dispersion. All this is well known from old nuclear magnetic resonance works [52] [53] [54] [55] [56] .
We are left with Λ +− (q, ω), Λ ++ (q, ω), Λ −+ (q, ω), and Λ −− (q, ω). These quantities are readily computed after the diagonalization of the Hamiltonian (Eq. B2). We find it convenient to express the correlations in the Cartesian coordinates {x, y, z}, with the result
and Λ yx (q, ω) = −Λ xy (q, ω). It occurs that only the first two correlations will be of use (Eq. A3). This particularly simple form for the correlations has been obtained using the isotropic dispersion (Eq. B3). Nevertheless, the expression of ω(q) reflecting the actual cylindrical symmetry around k (Eq. 3) will be kept in the arguments of the Dirac delta functions. This is in line with the fact that in first-order perturbation theory, a perturbation, such as the DM interaction, influences the eigenvalues but not the eigenstates of an operator. This is essential for the computation of λ Z (T ). The correlations Λ xx (q, ω) and Λ yy (q, ω) differ by their q-dependence: the latter diverges when q approaches 0 while the former does not. This suggests that the contribution of Λ yy (q, ω) to λ Z will be dominant.
Let us now examine the order of magnitude of the relevant ω values and its implication. From the highest value of the field at the muon site ( Fig. 3) , we have |ω| < 2 × 10 8 s −1 . Therefore, ω(q) must be very small to obey the conservation of energy enforced by the Dirac delta functions in Eq. A2: only modes at extremely small energy matter. This justifies the limit k B T ≫ ω(q) taken for the prefactors derivation in Eq. A2. For definiteness, the range of wavevectors explored by the correlation functions is illustrated in Fig. 6 .
b. Correlations in the magnetic domain frame
The correlations can now be expressed in the (a, b, n) frame. This is achieved using the R k ℓ ·r rotation matrix of Appendix. Λ bb (q, ω) = Λ aa (q, ω),
The final line arises from the fact that the rotation is about n ≡ y. Equation A3 together with Eq. A2 and Fig. 6 imply that only regions in the very immediate vicinity of q = 0 and q = ±k contribute to Λ nn (q, ω) and the other correlation functions, respectively [57, 58] . The latter correlations correspond to phasons [59] , in agreement with their planar nature (normal to k) [60] .
Muon spin-lattice relaxation rate
We proceed with the expression of the relaxation rate λ Z . We need to deal with peculiar features of MnSi. (i) To a crystallographic 4a muon position [24] correspond four magnetic sites labelled with the subscript s; (ii) a field distribution associated with the magnetic incommensurability is observed for three of them. In addition, four K-domains defined by symmetry equivalent k ℓ propagation wavevectors exist. Hence, the relaxation rate associated with a muon at site s in domain ℓ is λ Z;s,ℓ (ω) where ω = γ µ B 0,ℓ,s · Z, with γ µ = 8.51616 × 10 8 rad s −1 T −1 is the muon gyromagnetic ratio and B 0,ℓ,s is the spontaneous field. We have [20] :
Here, γ, γ ′ ∈ {X, Y, Z}, the constant D = (µ 0 /4π) 2 γ 2 µ (gµ B ) 2 /v c , and v c is the unit cell volume. Tensor G d,s (q) describes the coupling between the muon spin at site s and the manganese spin at crystal position d in the unit cell. While this coupling is fully accounted for, Λ ℓ (q, ω) is assumed to be independent of d, in line with our description of the correlations [5, 6] .
Through their dependence on G d,s (q), the tensor elements A γγ ′ s (q) in Eq. A4 are readily expressed in the (X, Y, Z) frame. We need explicit Λ γγ ′ ℓ (q, ω) in this same frame. This is achieved through the relation
where R ℓ are rotation matrices -see Appendix B 3and ε and ε ′ label Cartesian components in the (a, b, n) magnetic domain frame in which Λ εε ′ (q, ω) is naturally independent of ℓ, while it is not in the laboratory frame.
For the evaluation of Eq. A4 simplifications apply. Numerically, it is found that the terms involving the Λ nn (q, ω) spin correlations are larger by a factor at least 500 than the terms with the other correlations, see Appendix B 4. This implies that the measured relaxation is dominated by modes close to q = 0 rather than close to q = ±k ℓ . Retaining only the nn correlation we get:
With this result, Eq. A6 drastically simplifies to Λ γγ ′ ℓ (q, ω) = Λ nn (q, ω)N γγ ′ n,ℓ ; N n,ℓ = R ℓ M n R −1 ℓ .(A8) As the spin relaxation is driven by modes in the vicinity of q = 0, we are entitled to consider the long-wavelength limit of G αβ d,s (q). Referring to Refs. 61-65,
where P αβ L (q) = q α q β /q 2 is an element of the longitudinal projection operator and r µ H/4π a hyperfine coupling constant. The tensor C d,s (0) describes the analytical part at q = 0 of the dipole interaction between the muon and manganese spins.
Because P αβ L (q) depends on the polar and azimuthal angles, θ and ϕ respectively, of q in the (X, Y, Z) frame, but not on q, the evaluation of λ Z;s,ℓ (ω) is conveniently performed in spherical coordinates. Since conversely Λ nn (q, ω) depends only on q and θ, the ϕ integration in Eq. A4 is restricted to the coupling tensor elements. Hence, we find it convenient to introduce the geometrical functions V γγ ′ s (θ) such that
The angular functions V γγ ′ s (θ) are listed in Appendix B 5. Thanks to the presence of Dirac delta functions in the expression of Λ nn (q, ω), the integration over q is analytical. Finally, we derive
We have introduced the functions
and defined the auxiliary function q 2 0 (θ, ω):
The polar angle integration in Eq. A13 is numerical. From Eq. A11 we find λ Z;s,ℓ (ω) to be proportional to T .
Longitudinal polarization function
Denoting as r 0,s the vector distance between site s in a given cubic cell and the origin of the crystal and n c the number of unit cells, following Eq. 11 of Ref. 14 the spontaneous field at this muon site is B 0,ℓ,k ℓ ,s (−k ℓ · r 0,s )+ c.c. with the definition
Because in a µSR experiment several millions of muons are implanted randomly in different cells of the crystal, it is a very good approximation to state that the muons at site s in domain ℓ probe the continuous field distribution 
whereB 0,ℓ,s (ψ) is the unit vector parallel to B 0,ℓ,s (ψ). The normalization factor 16 is the product of the numbers of magnetic domains and muon sites in the unit cell. To a good approximation, P rel Z (t, T ) is found numerically to be an exponential function of time:
The quantity b λ is numerically computed as a function of c and c ⊥ as explained in Appendix B 6. The result is presented in the main text; see Sec. V.
Appendix B: Additional information on helimagnon excitations
Calculations presented in Appendix A require miscellaneous results which, for the sake of completeness and simplicity, are grouped in this appendix.
Equation A4 provides the formula for the relaxation rate. It requires an expression for the spin correlation functions in the laboratory reference frame (X, Y, Z). To get this expression, we start writing down the Hamiltionian, and express the correlation functions in the rotating frame (x, y, z). Then we provide the rotation matrix for a transformation from the rotating frame to the magnetic domain frame (a, b, n). We recall that the latter frame is attached to the magnetic domain (n ≡ k ℓ /k ℓ ) while the former is the frame rotating with the helical structure. In the subsequent subsection rotation matrices which account for the magnetic domains are given. In the fourth subsection the phason contribution to the relaxation is spelt out. Angular functions written in the (X, Y, Z) frame and introduced to describe the relaxation induced by the fluctuations in the q = 0 vicinity are then listed. Information on the numerical computation of the relaxing part of the polarization function follows. In the last subsection final comments are given.
Hamiltonian
In line with the helical structure of MnSi we consider a reference frame (x(r), y(r), z(r)), rotating with the Mn moment direction: z(r) = cos(k · r) a − sin(k · r) b, x(r) = sin(k · r) a + cos(k · r) b, y(r) = k/k ≡ n.
(B1)
Since we are in a continuous description, we have dropped the d subscripts for a and b. In the following, for the ease of notation we will drop the r argument to x, y and z.
Starting from the energy expression given in Eq. 2 and introducing the aforementioned spin raising and lowering operators and the boson operators through the relations 
with L q = B1S 2 (2q 2 +k 2 ) and W q = W = B1S 2 k 2 . The expression for E H neglects the Dzyaloshinski-Moriya (DM) exchange interactions. Its presence is nevertheless acknowledged by the underlying rotating frame.
The Hamiltonian of Eq. B2 is diagonalized using a conventional Bogoliubov transformation. The excitation dispersion relation is
2. From the (x, y, z) to the (a, b, n) frames While in Eq. A2 the tensor elements of Λ ℓ (q, ω) are written in the (x, y, z) frame, their counterparts in the (a, b, n) frame are needed. Introducing the rotation matrix
in the direct space we can express a spin component in the (a, b, n) frame in terms of spin components in the (x, y, z) frame such as
the correlation functions in the (a, b, n) can be computed.
Rotation matrices R ℓ
Here we discuss the rotation matrices R ℓ which are introduced in Eq. A6.
The R ℓ matrices are conveniently written as products of R(ϕ, θ, ψ) matrices which describe the rotation from crystal coordinates to magnetic domains coordinates [66] , namely R c→111 ≡ R(π/4, θ + , 0), R c→111 ≡ R(5π/4, θ + , 0), R c→111 ≡ R(3π/4, θ − , 0), and R c→111 ≡ R(7π/4, θ − , 0), with θ ± = arccos (±1/ √ 3). This means that
With these definitions,
, and obviously R ℓ=111 is equal to the identity.
Contribution of the phason correlations to the relaxation
Here we discuss the contribution to the relaxation of the spin correlations normal to the propagation wavevector.
From the relations resulting from Eq. A3, the correlation tensor expressed in the magnetic domain frame can be summarized in the synthetic form
With the notations
we get in the laboratory frame
The matrix R ℓ is discussed in Appendix B 3. We shall denote asλ Z;s,ℓ (ω) the muon-spin lattice relaxation rate associated with the first two terms of Eq. B9. This is the relaxation due to the phasons.
As argued in Appendix A 1, only q vectors very close to ±k contribute to the relaxation of interest here. It is therefore a very good approximation to replace A γγ ′ s (q) by A γγ ′ s (±k ℓ ) for Λ aa (q, ω) and Λ ab (q, ω), respectively (see Fig. 6 ). We then derivẽ
with the notatioñ
Remarkably, calculating the required q integral (see e.g. Eq. A4) in cylindrical coordinates, an analytical expression for K s (ω) is derived:
Numerically it is found that the phason contribution to the relaxation is negligible compared to the contribution of the nn correlation; see Appendix A 2. Hence, µSR cannot provide information on phasons, at least for MnSi.
Angular functions
We list the nine angular functions which appear in Eq. A10:
with the definition C γγ ′ s = d C γγ ′ d,s (0).
Polarization function
The polarization function resulting from Eq. A17 is a weighted sum of exponential functions. Numerically its amplitude at t = 0 is found as expected to be 1/3. Moreover, for the constants c and c ⊥ introduced in Eq. 3, the functional form of P rel Z (t, T ) is very close to a stretched exponential shape exp[−(λ Z t) β ]/3, with β ≈ 0.87. Now it must be realized that the overall relaxation is relatively weak, even when approaching 25 K where the experimental λ Z (T ) starts to deviate from a linear temperature dependence. This weak relaxation combined with the intrinsically reduced amplitude of the signal associated with the 1/3 factor make the experimental observation of the deviation of P rel Z (t, T ) from an exponential function nearly impossible. For the computations presented in this paper, P rel Z (t, T ) was calculated at T = 10 K in the range 0-6 µs where the data have most statistical weight and b λ was determined from a fit of exp(−b λ T t)/3 to P rel Z (t, T ).
Final comments
We provide two comments related to the theoretical description of m(T ) and λ Z (T ).
First about the robustness of the T 2 and T behaviours of m(T ) and λ Z (T ) at low temperature, and its implication. The decay of m(T ) as T 2 directly reflects the cylindrical symmetry relative to the wavevector of the helimagnon dispersion relation. The linear thermal behaviour of λ Z (T ) is due to the fact that the thermal energy is much greater than the energy of the helimagnons inducing the relaxation. The dependence of m(T ) and λ Z (T ) on the elastic constants c and c ⊥ is quite different. This is the reason for the successful determination of both constants.
The discussion of the spin-lattice relaxation takes into account the four muon magnetic sites, the four Kdomains and the fact that three out the four muon sites probe a field distribution, rather than a single field. All of these features are important for a quantitative interpretation of the measurement. For instance, restricting the analysis to the ℓ = 111 K-domain results in a relaxation rate more than one order of magnitude smaller than observed. In fact, once the correlation functions are known, the account of the multiple muon sites and Kdomains is just a geometrical problem, although tedious. We are in the favorable case where the muon position in the unit cell and its hyperfine coupling constant are known. Basically the only free physical parameters are the two elastic constants.
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